We present a new pulsar wind nebula (PWN) model solving both advection and diffusion of nonthermal particles in a self-consistent way to satisfy the momentum and energy conservation laws. Assuming spherically symmetric (1-D) steady outflow, we calculate the emission spectrum integrating over the entire nebula and the radial profile of the surface brightness. We find that the back reaction of the particle diffusion modifies the flow profile. The photon spectrum and the surface brightness profile are different from the model calculations without the back reaction of the particle diffusion. Our model is applied to the two well-studied PWNe 3C 58 and G21.5-0.9. By fitting the spectra of these PWNe, we determine the parameter sets and calculate the radial profiles of X-ray surface brightness. For both the objects, obtained profiles of X-ray surface brightness and photon index are well consistent with observations. Our model suggests that particles escaped from the nebula significantly contribute to the gamma-ray flux. A γ-ray halo larger than the radio nebula is predicted in our model.
INTRODUCTION
Pulsar wind nebulae (PWNe) are extended objects around a rotation-powered pulsar with a size of about a few pc, and their emission spectrum extends from radio to γ-ray (See review for Gaensler & Slane 2006) . The emission is due to synchrotron radiation and inverse Compton scattering (ICS) by electrons and positrons accelerated at the termination shock generated by the interaction between the supernova remnant (SNR) and the pulsar wind (Rees & Gunn 1974; de Jager & Harding 1992) . Based on this idea, Kennel & Coroniti (1984a,b) established a 1D-steady magnetohydrodynamical (MHD) model (hereafter KC model) of PWNe.
Although the KC model has been accepted as a standard model of PWNe, some problems in the KC model have been raised by morphology research with high angular resolution observations in X-ray. The X-ray photon spectrum becomes gradually softer as the radius increases (Slane et al. 2004; Matheson & Safi-Harb 2005) . Reynolds (2003) pointed out that the gradual softening is incompatible with the KC model, which predicts sudden softening at a certain radius. Slane et al. (2004) also presented the radial profile of the photon index in 3C 58, and showed that the predicted profile in the KC model deviates from the observation. Ishizaki et al. (2017) applied the KC model to G21.5-0.9 and 3C 58, and showed that the KC model has severe difficulty to reproduce both the entire spectrum and the surface brightness profile simultaneously.
Since the problems in the KC model have been claimed, several authors have discussed improvement of the KC model. In the KC model, particles are simply advected with the spherical wind. However, Porth et al. (2014) performed a three-dimensional full MHD simulation and showed that PWNe are in very disturbed 1 Institute for Cosmic Ray Research, The University of Tokyo, 5-1-5 Kashiwa-no-ha, Kashiwa City, Chiba, 277-8582, Japan state. Shibata et al. (2003) suggested the existence of turbulent magnetic field in the nebula by using a semianalytic method. In such disturbed plasma, the particle diffusion can be an important process. Tang & Chevalier (2012) preformed the test-particle simulation taking into account particle diffusion in the background fluid and synchrotron cooling, and showed that the model reproduces the radial profiles of the photon index in 3C 58 and G21.5-0.9. Porth et al. (2016) also performed the test-particle simulation to obtain the diffusion coefficient based on the 3-D MHD simulation by Porth et al. (2014) . Their 1-D steady diffusion model with the obtained diffusion coefficient, can explain the radial profile of the surface brightness and the photon index of 3C 58, G21.5-0.9 and the Vela. The recent confirmation of the largely extended γ-ray halo around the Geminga pulsar by HAWC (Abeysekara et al. 2017b ) also supports the idea of the particle diffusion (Abeysekara et al. 2017a ). The extended gamma-ray would be emitted by electronpositron pairs diffusively escaped from the nebula.
However, the models including the diffusion effect are still in developing stage. Tang & Chevalier (2012) and Porth et al. (2016) , which adopt the test-particle approximation, did not discuss the emission spectrum. A model consistent with both the spectrum and radial profile is desired (Ishizaki et al. 2017) .
In most of other astronomical phenomena, the spatial diffusion is considered for energetically sub-dominant component with respect to the motion of the background fluid. However, even energetically dominating particles are required to diffuse in order to reconcile the observed X-ray profile in PWNe. Although we have a consensus that a diffusion coefficient of about 10 27 cm 2 s −1 is required to reproduce the observed X-ray profile of PWNe (e.g., Tang & Chevalier 2012; Porth et al. 2016) , this value implies that the energy flux carried by the diffusion is comparable to or larger than that carried by the advection with fluid. In such cases, the test-particle approximation is not appropriate. If we simply apply the particle diffusion fixing the velocity profile of the background fluid, the energy and momentum conservations along the fluid are not assured. We need to take into account the back reaction of the particle diffusion on the background fluid. Furthermore, the idea of the particle diffusion in PWNe is ambiguous. The pulsar wind consists of only non-thermal particles, which themselves are subject for the diffusion process, so that the definition of the background fluid is not straightforward. Namely, the method to distinguish the diffusive component from the background fluid is not apparent.
In this paper, we aim mainly to reproduce both the entire spectrum and X-ray radial profile of 3C 58 and G21.5-0.9 by improving the KC model with the diffusion effect. In Section 2, we explicitly define the background fluid and derive fluid equations satisfying the energy and momentum conservations with the diffusion effect. In Section 3, we demonstrate our 1-D steady state model and discuss the velocity and magnetic field profiles in the flow, photon spectrum, and the radial profile of the surface brightness especially for the model dependence on the diffusion coefficient. In Section 4, we apply our model to two observed sources 3C 58 and G21.5-0.9, which has been also discussed in Ishizaki et al. (2017) . In Section 5, we summarize and discuss the results.
PULSAR WIND MODEL WITH DIFFUSION
As we have mentioned, the concept of the diffusion in PWNe is ambiguous. We cannot clearly distinguish the diffusive component from the background fluid. This may indicate that the fluid approximation itself is not appropriate to deal with PWNe. However, the concept of the advection with the fluid is still convenient to understand physics in PWNe. In this section, retaining the fluid picture, we formulate the fluid equations taking into account the spatial diffusion of particles self-consistently. We solve those equations combined with the advectiondiffusion equation for the energy distribution function of non-thermal particles.
In Section 2.1, we clarify the definitions of the diffusion and background fluid, then we present general formulation for the fluid equations describing the macroscopic motion of the non-thermal particles and the transport equation describing the evolution of the energy spectrum of the particles. In Section 2.2, we adopt those general equations to a spherically symmetric and steady system, and show our model to apply for PWNe. Note that, hereafter, the rest frame of the entire nebula is defined as reference frame K.
Fluid equations and advection-diffusion equation
In order to treat the diffusion in a one-component fluid, we assume a spatial diffusion coefficient with energy dependence, with which the diffusion effect is negligible for the lowest energy particles, which dominates in the number of particles. The fluid velocity approximately corresponds to the average velocity of such low energy particles. Note that energetically dominating particles, whose average energy is much higher than the lowest particle energy, can be affected by the diffusion significantly. Since the current for maintaining the magnetic field in the fluid is also dominated by low energy particles, the frozen-in condition in the ideal MHD will be kept in this case.
The Boltzmann equation represented in the frame K is written as
where f is the phase space distribution functions of particles, v is the velocity of each particle, E and B are the electric field and magnetic field in the frame K, and S is the collision term. The fluid flow velocity normalized by c is obtained by averaging the velocity as
and the corresponding Lorentz factor is γ = 1/ 1 − β 2 . The co-moving frame of the fluid K ′ is defined as the frame moving at velocity β with respect to the frame K. Hereafter, the values in the frame K ′ are expressed by primed characters, when it is necessary. Even for the energetically dominating particles, the gyro radius is much shorter than the typical fluid scale in PWNe (see discussion in §5). This may allow us to assume that the momentum distribution is isotropic and the electric field is vanished in the frame K ′ , which is equivalent to the ideal MHD condition,
Other than the macroscopic field in equation (3), a small scale turbulence of electromagnetic field may exist. For simplicity, the collision term S, which expresses a stochastic process in a disturbed field, is defined in the frame K as
where κ is an energy-dependent diffusion coefficient 2 . In general, the diffusion process is anisotropic. Since we will adopt the formulae in this section to a spherically symmetric system, only the diffusion process toward radial direction is important. So we calculate with the simple form of equation (4).
In this paper, we do not solve equation (1) directly. First, we obtain fluid equations consistent with the Boltzmann equation (1). The energy and momentum equations in the fluid dynamics corresponds to equations derived from integrating over the momentum space the products of equation (1) multiplied by energy E ± or momentum p, respectively. The energy and momentum transfer due to the spatial diffusion are obtained by the products from the term of equation (4). Adding those diffusion terms, we obtain the energy conservation law,
and the momentum conservation law,
where ǫ and P are energy density and pressure in the frame K ′ , respectively. Hereafter, we assume that nonthermal particles are ultra-relativistic (E
2 ), which implies
The diffusion terms have been calculated with the fact that f and d 3 p/E ± are Lorentz invariant and the assumption of the isotropic momentum distribution in the frame K ′ . The values, δ and θ, in the diffusion terms are defined by
respectively. The radiative cooling term is written with the cooling rate in the frame
where
) is the energy radiative loss rate per particle. As shown in Tanaka & Takahara (2010) , the radiative cooling by inverse Compton is negligibly inefficient compared to the synchrotron cooling so that
The induction equation with the ideal MHD condition is
If δ, θ, and Λ are given, the fluid quantities β, ǫ, p, E and B can be calculated by solving equations (5), (6), (7), (12) and (3) (hereafter fluid equations). However, those quantities depending on the functional form of f are not given in advance.
In order to obtain δ, θ, and Λ, we also solve the advection-diffusion equation (hereafter AD equation, e.g., Ginzburg & Syrovatskii 1964) written as
where n(x, E ′ ± ) = 4πp ′2 f /c is the energy spectrum of particles in the frame K ′ , u = γβ is the flow 4-velocity, and Q ′ is the energy loss rate due to the radiative and adiabatic cooling per particle. This equation can be solved if u and B ′ are given in advance, so that the fluid equations and the AD equation are complementary each other. We can solve the AD equation and the fluid equations alternately until the energy densities estimated from both the methods agree with each other.
Spherical steady nebulae
We adopt the fluid equations and the AD equation to the spherical steady outflow, and assume that the magnetic field is purely toroidal as the KC model assumed. The magnetic field in the frame K ′ is B ′ = B/γ, and the induction equation (12) 
The diffusion coefficient is assumed to be expressed by a separable form as
Then, the terms with δ and θ in the fluid equations can be put together. Equations (5) and (6) are written as
and
respectively, whereδ is defined as
The AD equation (13) in a spherical steady system becomes
where Q ′ expresses the radiative and adiabatic cooling effects as
We solve only the downstream of the termination shock at r = r s . Given r s , the energy release rate L sd , and the magnetization parameter,
where B u , n u , and γ u = 1 + u 2 u are B, total particle density, and γ at just upstream of the shock, respectively, the Rankine-Hugoniot jump condition (for details see Kennel & Coroniti 1984a) provides the boundary condition at r = r s for the fluid equations.
As the inner boundary condition for the AD equation, we assume a broken power-law energy distribution,
where n 0 is a normalization factor which is adjusted to be consistent with the boundary condition of the fluid equations, E b is the intrinsic break energy, E min and E max are the minimum and maximum energy, respectively, and p 1 and p 2 are power-law indices for low-and high-energy potion of the particle spectrum, respectively. Hereafter, we also assume p 1 < 2 < p 2 , which implies that particles with energy ∼ E min dominate in the number of particles, and particles with energy ∼ E b dominate in the energy density of particles.
The density at the edge of the nebula depends on the flow velocity and diffusion coefficient outside the nebula, which are not considered in this paper. If the diffusion coefficient outside the nebula is very smaller than the inner value, particles pile up around the edge of the nebula. However, the diffusion coefficient in the ISM is larger than the value adopted in this paper, so that the pile-up case may be unlikely. Here we assume that the contribution of the re-entering particles from ISM/SNR is not so large. As the simplest case, we take an outer boundary condition, ∂ 2 ∂r 2 r 2 n(r, E
This condition makes the density profile smoothly connect to the outside profile of the steady solution without advection, n(r, E ′ ± ) ∝ r −1 . The diffusion process in PWNe is highly uncertain. For simplicity, we assume that the energy dependence of κ is Kolmogorov-like as
where the parameter κ 0 is constant. As for the spatial dependence of κ, the simplest model is the homogeneous diffusion with φ(r) = 1. However, in such a case, the diffusion can influence the shock jump condition. The diffusion effect on the termination shock is beyond the scope of this paper. To avoid a complicated situation with a modified jump condition by diffusion, we neglect the effect of the diffusion near the termination shock. We turn on the diffusion effect at a certain radius r diff > r s . However, a sudden onset of the diffusion effect induces numerical instability. We assume an artificial function form as
where ∆r is a transition scale of the smoothing. This function smoothly changes from zero (for r diff − r ≫ ∆r) to unity (for r − r diff ≫ ∆r). The equation (25) is introduced just to avoid the technical issue in numerical calculation. As we will see later, the diffusion effect in the inner part of the nebula is negligible. As long as we take significantly small r diff and ∆r, the diffusion can be regarded as almost homogeneous, and the result does not depend on the details of this artificial functional form. The very weak dependence on r diff and ∆r in our results has been checked. The parameters other than the diffusion coefficient are the same as those in Ishizaki et al. (2017) . Hereafter, we assume that the minimum energy is fixed as E min = 10m e c 2 , and that the maximum energy E max is determined as the energy at which a gyro radius is equal to the shock radius. The nebula size r N and the energy release rate, which is the same as the spin down luminosity L sd , are obtained from observation. In summary, the parameters to be adjusted are six: r s , σ, E b , p 1 , p 2 and κ 0 .
Since the AD equation is 2-dimensional elliptic equation, it is solved using the finite difference method and the SOR method (e.g., Press et al. 1992) . The fluid equations are integrated using a 4-th order Runge-Kutta method. Until the outputs from the fluid equations and the AD equation become consistent with each other, we iterate the calculation. All of results shown in this paper satisfy an accuracy of O(1) % in the energy/momentum conservation.
DIFFUSION EFFECTS
In this section, we show example results with various values of κ 0 , and fixed values of the other parameters (L sd , E b , p 1 , p 2 , r s , r N and σ). Here, to help understand the dependence on the κ 0 , we define the length scale r pe where the diffusion process begins to become effective for the energetically dominating particles, whose energy is E b , by
where u d is the four speed of the flow at just downstream of the termination shock and approximately equal to 1/ √ 8 for σ ≪ 1. This radius corresponds to the location where the advection and diffusion timescales are the same 3 . In this section, the model of the inter stellar photon field is the same as for G21.5-0.9 (see Ishizaki et al. 2017 ). This can be approximated by mainly three thermal components as follows: (1) CMB: energy density 0.25 eV/cc and temperature 2.7 K, (2) dust emission: energy density 0.65 eV/cc and temperature 35 K, (3) stellar emission: energy density 2.0 eV/cc and temperature 4000 K. As an example, the parameter values other than κ 0 are set as L sd = 10 38 erg s −1 , E b = 10 5 m e c 2 , p 1 = 1.1, p 2 = 2.5, r s = 0.1 pc, r N = 2.0 pc and σ = 10 −4 . We test changing κ 0 as 10 23 , 10 25 , 10 26 , and 2×10 26 cm 2 s −1 . We also set the parameters in equation (25) as r diff = 0.14 pc and ∆r = 0.001 pc.
The case of κ 0 = 10 23 cm 2 s −1 is almost the same as the KC model, in which the diffusion is neglected (r pe ≫ r N ). Figure 1 shows that the wind is decelerated at outer region as κ 0 increases. Accordingly, the magnetic field is amplified conserving the value of rβB. Let us see the case of κ 0 = 10 26 cm 2 s −1 as the benchmark case (red thick lines in Figure 1 ). The deviation from the lines for low κ 0 models is seen around r = 3×10
18 cm. The radius of r pe is consistent with this deceleration radius within a factor 2. As seen in Figure 2 , at the deceleration radius the pressure also starts deviating from the KC model. Outside r pe the pressure decreases steeper than the pressure profile in the KC model. In spherically symmetric system, the particles basically diffuse outward, so that the diffusion flux brings out the fluid momentum outward. Since the fluid receives inward reaction force via particle diffusion, the fluid starts decelerating at r = r pe .
After the sudden deceleration at r ∼ r pe , the deceleration is rather gradual. As shown in Figure 3 , far outside r pe , the energy fluxes due to diffusion and advection are balanced, so that
In the limit of β ≪ 1 and approximation of δ ∼ κǫ, we obtain β ∝ r −1 and B ∝ r 0 . This simple estimate is consistent with the behavior in our calculation result. Figure 4 shows the evolution of the particle energy spectrum for the benchmark case comparing with the KC model. As we have expected, in the benchmark case, the spectral shapes show that the low-energy particles with E ′ ± ∼ E min are not affected by the diffusion, which modifies the spectrum above E ′ ± ∼ E b . In the KC model, the sharp cooling cutoff in the spectrum shifts to lower energy with radius. In contrast, in the model with diffusion, the energy spectrum does not show a sharp cutoff. The energy dependence of the diffusion time vanishes the sharp cutoff feature. As shown in the line labeled r = r N in Figure 4 , particles with E ∼ 10 13 eV, which are main population responsible for emitting X-rays, exist in the benchmark case, while such particles can not exist at r = r N in the KC model. In our calculation, particles with higher energy escape through the boundary r = r N more efficiently via the diffusion. As a result, given the radius r, the spectrum with the diffusion effect becomes softer than the KC model spectrum. This behavior is similar to the result of the time-dependent one-zone model by Martín et al. (2012) , which takes into account the diffusive escape from the nebula. The spectral softening due to particle diffusion is the same mechanism as that seen in the cosmic-ray spectrum in our galactic plane (e.g. see Strong & Moskalenko 1998) .
The amplification of the magnetic field by the backreaction of the diffusion also affects the particle spectrum through the synchrotron cooling. As seen in Figure 1 , in the benchmark case, the magnetic field is stronger than the KC model at any radius. As the diffusion is more efficient for particles with higher energy, even if they are affected by the strong radiative cooling, such particles are able to spread to outer side of the nebula.
Based on the particle spectra shown in Figure 4 and the magnetic field shown in Figure 1 , we can calculate the emission from the nebula. For the calculation of the emission, we adopt the same method as Ishizaki et al. (2017) . We consider only synchrotron radiation and ICS including the Klein-Nishina effect. The model of the interstellar radiation field is taken from GALPROP v54.1 (Vladimirov et al. 2011 , and references therein), in which the results of Porter & Strong (2005) are adopted. Figure 5 shows the entire spectra of the nebula for each κ 0 . In the case of κ 0 = 10 23 cm 2 s −1 , of course, the spectrum is almost the same as that in the KC model. The entire spectrum of the benchmark case becomes harder than the KC model. As seen in Figure 4 , the particle energy spectrum becomes softer with increasing radius. However, since the high energy particles are diffused to outside region, where the magnetic field is strong, highenergy synchrotron photons are efficiently emitted from the outer region. As a result, this mechanism hardens the integrated spectrum. On the other hand, the ICS flux monotonically decreases with increasing κ 0 . This is because particles escape efficiently from the nebula for a high κ 0 . Here, we have neglected the emission outside the nebula so that the ICS flux decreases with κ 0 .
In Figure 6 , the X-ray surface brightness profile is shown. As expected, the size of X-ray emission region becomes larger with increasing κ 0 . Although the back reaction by diffusion on the fluid dynamics is negligible for κ 0 = 10 25 cm 2 s −1 (see Figure 1) , the X-ray size is significantly enlarged compared to the KC model. In the benchmark case, the emission region of X-rays extends to the edge of the nebula, where the magnetic field is strong. The peak radius in X-ray band roughly corresponds to the radius at which the magnetic field amplification is saturated. Outside the peak radius, the radiative cooling becomes efficient. The radial profile of the photon index in X-rays is shown in Figure 7 . For all the cases, the photon index shows a softening with increasing radius. Moreover, the photon index is kept harder as κ 0 is larger. The sudden softening at a certain radius in the KC model (Reynolds 2003; Slane et al. 2004 ) is not seen in our diffusion models.
Finally, to check how much the back reaction of diffusion affects the nebula emission, we compare the calculations with and without the back reaction of diffusion to the fluid. The model without the back reaction is obtained solving the AD equation with κ 0 = 10 26 cm 2 s −1
for the given velocity field in the KC model. In this case, the energy and momentum conservations are not ensured. In Figure 8 , the entire spectrum and the Xray surface brightness are compared with those of the benchmark model and KC model (κ 0 = 0). In the model without the back reaction, the magnetic field is not amplified, so that the synchrotron flux becomes half of the flux of the benchmark model. Furthermore, since the flow velocity is decelerated in the benchmark case, the advection time
in the benchmark case is longer than that in the KC model. Due to the stronger magnetic field and the longer advection time, the spectral peak, which corresponds to the cooling break, appears at lower frequency than the case without the back reaction. On the other hand, the X-ray sizes in the benchmark model and the model without the back reaction are not much different.
APPLICATION TO 3C 58 AND G21.5-0.9
In this section, we apply our model to the two PWNe 3C 58 and G21.5-0.9, for which we have rich observational data especially in X-rays. Observational properties of these PWNe are summarized in Table 1 (for details see Ishizaki et al. 2017) . In these objects, for parameter sets that reproduce the entire spectra, the extent of X-rays in the KC model inconsistently becomes smaller than the observed extent (Ishizaki et al. 2017) .
As Ishizaki et al. (2017) discussed, the spectral indices of the observed spectra in X-rays can not be reproduced by the KC model. If parameters are adjusted to reconcile the X-ray spectral index, the IR/Opt and radio emission can not be reproduced. Below we discuss whether the diffusion effects can resolve those problems or not. Hereafter we call the model with diffusion the DF model.
The model parameters and results are summarized in Table 1 . For comparison, we also show the result of "broadband model" in Ishizaki et al. (2017) (denoted "KC" in Table 1 ), in which the diffusion effect is not incorporated. For each object, despite the fact that the wind is more decelerating in the DF model, the advection time in the DF model is shorter than that in the KC model. This is because σ in the DF model is larger than that of the KC model. We also tabulate the ratio of r pe to r N , which can be used as a criterion for the efficiency of diffusion. For 3C 58, r pe /r N > 1, so that the diffusion has not much effect on the fluid motion. In contrast, in the case of G21.5-0.9, r pe /r N is smaller than unity, and this indicates that diffusion is efficient with this parameter set. For the DF models, we adjusted the parameters in equation (25) as |r diff − r s | ≤ 0.03r N and ∆r ≤ 0.008r N . Those small values may not affect the results largely.
In Figure 9 , the obtained radial profiles of 4-speed and the magnetic field are shown. As expected from the value of r pe /r N , u(r) in 3C 58 shows an almost the same profile as the KC model profile.
In G21.5-0.9, a modification of u(r) due to the diffusion is seen. For r > 10 18 cm, since the magnetic pressure is large, the deceleration and amplification of the magnetic field are almost saturated. Despite the high-σ and amplification of the magnetic field, the magnitude of the average magnetic field is not so different between the DF model and the KC model, because the volume-averaged magnetic field is largely controlled by the field near the edge of the nebula, which are almost the same in the two models.
For the DF model, obtained flow velocity at the edge of the nebula is 540 km s −1 and 720 km s −1 for 3C 58 and G21.5-0.9, respectively. These value are roughly consistent with the observed expansion speed 400 km s −1 and 870 km s −1 for 3C 58 (Bietenholz 2006 ) and G21.5-0.9 (Bietenholz & Bartel 2008) , respectively. Figure 10 shows the particle energy spectra for 3C 58 and G21.5-0.9, and Figure 11 shows the volumeintegrated photon spectra. First, for both the cases, the diffusion is not effective for particles at E ′ ± ∼ E min , so the treatment with the fluid picture, as mentioned in Section 2, is justified. In 3C 58, while the diffusion is not effective for particles with E ′ ± ∼ E b , the particle spectrum above 10 13 eV is significantly modified by diffusion. As discussed in Section 3, the cutoff shape in the energy spectrum like the KC model does not appear in the DF model. Since high energy particles propagate in the strong magnetic field region, the DF model produces a harder entire spectrum. As a result, the hard spectrum observed in X-ray is reproduced. Thus, just considering the weak diffusion that does not affect the fluid motion, the entire spectrum changes greatly from the KC model.
In the DF model of G21.5-0.9, the diffusion is more effective than 3C 58. As shown in Figure 9 , the wind is decelerated more shallowly than r −2 outside r ∼ 10 18 cm, so the adiabatic cooling becomes efficient. As a result, the energy spectrum of particles shows an evolution that all particles lose energy simultaneously with increasing radius. Furthermore, the spectral peak of synchrotron radiation shifts to a higher frequency owing to the amplification of the magnetic field. The highest frequency emission of the synchrotron component is originated from the radius where the magnetic field is most amplified, while the IR/Optical emission is most strongly emitted near the edge of the nebula. Particles near the edge of the nebula lose energy via adiabatic cooling, which suppresses the IR/Optical flux in comparison with the X-ray flux.
In the DF model, the fluxes of γ-rays in both objects are several times lower than the observation. However, considering the following two points, this discrepancy can be solved. The first is the uncertainty of the interstellar photon field. The γ-rays are emitted mainly via the ICS with the infrared photon from the interstellar dust. Since the flux of the ICS is roughly proportional to the energy density of the seed photons, the γ-ray flux in our model is largely affected by the uncertainty of the inter stellar radiation field (e.g., Torres et al. 2013 ). In addition, the photon field model used in our calculations is a value in ordinary interstellar space, but the supernova remnants may be the site of dust formation (Kozasa et al. 2009 ), so that the intensity of the dust radiation may be different from ordinary interstellar space. The second point is γ-ray emission from particles escaped out of the nebula. Recently, Abeysekara et al. (2017b) (HAWC) reported that around the Geminga there is a much larger γ-ray halo than the X-ray PWN. Even for MSH 15-52, whose age is comparable to that for G21.5-0.9 and 3C 58, diffuse γ-ray emission extending beyond X-rays was detected (Tsirou et al. 2017) . Those facts suggest that electrons and positrons escape out of the PWN to the ISM. For example, an electron and a positron with energy E VHE = 1.5 × 10 13 eV product γ-rays of ∼ 1 TeV via the ICS with the CMB photons (∼ 10 −3 eV). For both fitting results, diffusion is more effective for such particles than advection. If such particles continuously escape out of the nebula by diffusion 4 , during the age of the nebula ∼ t adv , the number of escaped particles is N esc ∼ 4πr 2 N (κ(E VHE )/r N )E VHE n(r N , E VHE )t adv . Roughly adopting E 2 VHE n = 10 (10 −12 erg cm −3 ) for 3C 58 (G21.5-0.9), the number is estimated as N esc ∼ 10 43 for both PWNe. The energy release rate via ICS with the CMB photons is Table 1 ) for 3C 58 (left panel) and G21.5-0.9 (right panel). The dashed black line represents the radial profiles for the KC model. ∼ 10 −11 erg s −1 per particle. Then, the γ-ray flux from escaped particles is estimated as comparable to the flux inside the nebula for both the cases. The observed gamma-ray fluxes in Figure 11 may include both the components inside and outside the nebula. Assuming the same diffusion coefficient inside and outside the nebula (see section 5), the extent of γ-rays is estimated as ∼ r N + √ κt adv , which is ∼ 4 pc (400 ′′ ) for 3C 58, and ∼ 2 pc (90 ′′ ) for G21.5-0.9, respectively. In G21.5-0.9, a spectral break around a few keV is reported by Nynka et al. (2014) (NuSTAR) and Hitomi Collaboration et al. (2018) .
Furthermore, by using the time-dependent one-zone model, Hitomi Collaboration et al. (2018) concluded that the spectral break is not reproduced under the conventional assumption of the particle injection and the energy loss processes. If we try to explain this spectral break with our model, we need to take parameters like the "alternative model" of Ishizaki et al. (2017) , in which the radio and IR/Opt emission are neglected and an extremely shorter advection time t adv ∼ 40 yr than the pulsar age is required. Since the cooling break becomes smooth due to the diffusion process in the DF model, the sharp break in the X-ray region seems difficult to be reproduced. If we seriously accept this spectral break, the alternative model without the diffusion in Ishizaki et al. (2017) would be better than the diffusion model.
The radial profile of the X-ray surface brightness is shown with the red-thick line in Figure 12 . The X-ray extent is large enough unlikely the KC model. The observed X-ray profile of G21.5-0.9 is well reproduced quantitatively, but for 3C 58, the model curve is slightly deviated from the observation. The X-ray brightness may be contaminated by emission from the SNR, and the spherically symmetric approximation may be not appropriate for both the observational data and the model. We also plot the surface brightness in radio (4.75 GHz), optical (3944-4952Å), and γ-rays (0.8-2 TeV and 8-10 TeV). For radio and optical band, the surface brightness profiles are almost spatially uniform with a sharp cut off at the edge. For γ-rays, the width at half maximum becomes smaller with increasing energy of the observed γ-ray. As we have discussed, if the particles escape from the nebulae by diffusion and emit γ-rays via ICS, the extent of the γ-ray would be larger than the size of the nebula.
In Figure 13 , the radial profile of the photon index is shown. The problematic sudden softening in the KC model is not seen in the DF model. Qualitatively the DF model greatly improves the index problem. However, for 3C 58, the gradual softening in observed data seems inconsistent with almost the constant index in the DF model. On the other hand, for G21.5-0.9, the gradual softening in the model is similar to the observation, but the absolute value is slightly deviated.
SUMMARY AND DISCUSSION
In PWNe we cannot clearly distinguish the diffusive component from the background component. Retaining the fluid picture, we have developed a formulation to solve approximately the fluid dynamics with the spatial diffusion of particles self-consistently. We have numerically calculated these equations for 1-D steady PWNe, and investigated the dependence on the diffusion coefficient of the fluid structure (the velocity field and the magnetic field), the entire spectrum, and the radial profile of the surface brightness in X-ray. With increasing the diffusion coefficient, the entire spectrum becomes harder, and the X-ray surface brightness extents larger. For the fluid structure, we have found that the diffusion process causes the deceleration of the flow by the back reaction of diffusion. The deceleration leads to amplification of the magnetic field, and influences the energy distribution of particles through radiation cooling nonlinearly. When the diffusion coefficient is large, the back reaction on the fluid dynamics significantly affects the emission spectrum.
We have applied this model to 3C 58 and G21.5-0.9. This is the first attempt to reproduce both entire spectra and X-ray surface brightness with diffusion effect. Roughly speaking, we have succeeded in reproducing them. However, the γ-ray fluxes of entire spectra are the half darker than the observed ones, and radial profiles of the photon index are slightly deviated from the observed data.
The escaped particles from the nebula also emit gamma-rays as detected from Geminga (Abeysekara et al. 2017b) , where the diffusion coefficient outside the nebula is estimated as κ(E = 100 TeV) ∼ 2 × 10 27 cm 2 s −1 . This value is close to the values inside the nebulae in our model. Adopting the same diffusion coefficient outside the nebulae, our model yields the gamma-ray halo of 400 ′′ for 3C 58, and 90 ′′ for G21.5-0.9, respectively. The contribution from the halo emission may improve the dim gamma-ray fluxes in our model. We expect that a better angular resolution of CTA (Bernlöhr et al. 2013) will confirm an extended component around G21.5-0.9 and 3C 58.
The diffusion coefficients at E ± ∼ 10 14 eV in our model for G21.5-0.9 and 3C 58 are consistent with the previous values in Porth et al. (2016) and Tang & Chevalier (2012) . In other words, the effect of the back-reaction of the diffusion does not affect the parameter estimate so much in those objects (r pe /r N 1). However, it is not trivial whether the back-reaction affects significantly or not, in other cases.
The mean free path λ at E ± ∼ 10 14 eV in our model is obtained from κ = λc/3 as 0.05 pc in both the nebulae. Since we have assumed a toroidal magnetic field, the diffusion of particles is perpendicular to the global magnetic field in our model. In this case, the mean free path is given by λ ∼ r L (δB/B) 2 in the framework of the quasi-linear theory of the resonant scattering (e.g., Blandford & Eichler 1987) , where r L is the gyro radius of the particle, and δB is the turbulence amplitude at the scale of ∼ r L .
Our model parameter set implies r L ∼ 10 −3 pc so that δB/B > 1 is required to achieve the value κ ∼ 10 27 cm 2 s −1 at 10 14 eV, which indicates that the simple perpendicular diffusion theory is not applicable (cf. in the typical interstellar space, δB/B ∼ O(10 −2 ) 5 ). As proposed in Tang & Chevalier (2012) , if the direction of the magnetic field is deformed in the radial direction as seen in the Rayleigh-Taylor finger, the particles may be able to diffuse efficiently toward the radial direction. On the other hand, the transport of particles due to the global eddy motion in the nebula, as Porth et al. (2016) discussed, is also a candidate for the origin of the efficient diffusion. In this case, the energy dependence of the diffusion coefficient becomes much weak, and such a model is different type from ours. To treat the particle escape from the nebula, another assumption other than the global eddy motion is additionally required in this model. Thus, the value of the diffusion coefficient our model suggests is not trivial. There may be another option to modify the KC model other than diffusion.
As shown in Figure 13 , the photon spectral index in the DF model of G21.5-0.9 is larger than the observed value, but the gradual softening in the radial direction is consistent with the observation. As we discussed in Section 4, it is difficult to reproduce the observed spectral break of several keV with the effects of cooling and diffusion. Those facts suggests that there may be multiple components in the particle spectrum. Radio-emitting particles and X-ray emitting particles may have different origins, as proposed by Ishizaki et al. (2017) and . An X-ray and gamma-ray observation focusing on the morphology coincidence in radio and IR/optical will provide a clue to revealing those origins.
In this model, for simplicity, we have adopted a uniform diffusion coefficient. If we consider the spatial dependence of the diffusion coefficient, a more sophisticated model to explain the observed properties may be possible. In order to establish such a model, study for both the microscopic plasma waves and hydrodynamic turbulence should be promoted. Moreover, a detailed investigation of the escape process from the nebula is also required. Since particles escape through the contact discontinuity to the SNR, the turbulence near r = r N as the result of the interaction between the SNR and the PWN is important. In steady outflow models, the hydrodynamical structure at the edge of the nebula cannot be examined.
The vicinity of the edge of the nebula has a large volume, so that this kind of uncertainty may greatly affect the emission spectrum. A time-dependent 1-D model will clarify the contribution of emission from near the edge of the nebula.
